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. , $\mathrm{V}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{n}\dot{\mathrm{d}}\mathrm{e}$
$\mathrm{d}$”
$(x_{i}^{j-1})_{1\leq}i,j \leq n=\prod_{1\leq i<j\leq n}(x_{j}-x_{i})$














$\text{ }$ Schur $\text{ }$ Pfaffian [Sc, p.225]
$\mathrm{P}\mathrm{f}(\frac{x_{j}-x}{1-x_{i\mathrm{i}}}i)=\prod_{1\leq i<j\leq n}\frac{x_{j}-x_{i}}{1-x_{i}x_{j}}$ (2)
. , Cauchy , Schur Pfaffian
, Pfaffian ( Cauchy , Pfaffian )
( ) ,
. , \S .1 Cauchy , P an
( ) , \S 2, \S 3 Schur ,




1 Cauchy Pfaffian –
, $\vec{x}=$ ($x_{1},$ $\cdots,$ $x$n), $\vec{a}=$ ($a_{1},$ $\cdots,$ $a$n) $n$ ,
andermonde $V^{p,q}(\vec{x};arrow a),$ $\mathrm{I}l^{\gamma n}(\vec{x};arrow a)$ . $p+q=n$
$q$ ,
$(1, x_{i},x_{i}^{2}, \cdot. . , \mathrm{z}_{i}^{-1}, a_{i}, o_{\dot{\eta}}x_{\dot{l}}, \cdot . . ,. a_{i}x_{i}^{q-1})$
i. $n$ V.p,q( : $\vec{.a}$) , ,
$V^{p,q}(.\vec{x};\vec{a})=($
.
$11.\cdot$. $\cdot x_{n}x_{1}.\cdot$. $x_{n}^{2}x_{1}^{2}.\cdot$. $x_{n}^{p-1}x_{1}^{p-1}.\cdot$.
$a_{n}a_{1}.\cdot$. $a_{n}.\cdot.x_{n}a_{1}x_{1}$ $a_{n}x_{n}^{q-1}a_{1}x_{1}^{q-1}..\cdot)$
. ,
( $1+$ $x_{i}^{n-1}$ , $x:+a_{i}x_{i}^{n-2}.’\cdots,\cdot x_{\dot{l}}^{n-1}+a_{\dot{l}}$)
$i$ $n$ $W^{n}(\vec{x};arrow a)$ , ,
$W^{n}(\vec{x};\vec{a})=(\begin{array}{lll}1+a_{1}x_{1}^{n-1} x_{1}+a_{1}x_{1}^{n-2} x_{1}^{n-1}+a_{1}\vdots \vdots \vdots 1+a_{n}x_{n}^{n-1} x_{n}+a_{n}x_{1}^{n-2} x_{n}^{n-1}+a_{n}\end{array})$
, Cauchy (1) .
LL $(\mathrm{a})$ $n$ , $p,$ $q$ . . 6





$(b_{1}, \cdots, b_{n})$ , $\vec{c}=(c_{1}, \cdots, \mathrm{q}_{+q})$
. ,
$\det(\frac{\det V^{p+1,q+1}(x_{i},y_{j},\vec{z}\cdot a_{i},b_{j},\vec{c})}{y_{j}-x_{i}},.)_{1\leq i,j\leq n}$
$= \frac{(-1)^{n(n-1)/2}}{\prod_{i=1}^{n_{\dot{O}}}(y_{j}-x_{\dot{l}})}\det V^{\mathrm{p},q}(\vec{z}; \vec{c})^{n-1}\det V^{n+p_{\mathrm{I}}n+q}(\vec{x}, -\vec{y}, \vec{z};\vec{a}, \vec{b}, \vec{c})$ .
(3)
(b) $n$ , $p$ . 6
$x?=$ $(x_{1}, \cdot\cdots.’ x_{n})$ , $\vec{y}=(y_{1}, \cdots,y_{n}.)$ , $\vec{z}=(z_{1}, \cdots,h)$ ,
$\vec{a}.=(a_{1}, \cdots, a_{n})$ , $\vec{b}=(b_{1}, \cdots, b_{n})$ , $\vec{c}=(c_{1}, \cdots, \mathrm{q})$
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. ,
$\mathrm{x}\det W^{p}(\vec{z};. \vec{c})^{n-1}\det W^{2n+p}(\vec{x}, \overline{\vec{y}}, \vec{z}; \vec{a}.,\vec{b},\vec{c})$ . (4)
, Schur $\mathrm{P}\mathrm{f}\mathrm{a}\mathrm{f}\grave{\mathrm{f}\mathrm{i}}\mathrm{a}\mathrm{n}$ (2)9 [ . ..
1:2. (a) $n$ $\text{ }$. , $\mathrm{p}_{\rangle}$ $q,$ $r,$ $s$ . 7
$\vec{x}=(x_{1}, \cdots,x_{2n})$ , $\vec{a}=(a_{1}, \cdots\cdot,a_{2n})$ , $\vec{b}=$ ($b_{1},$ $\cdots$ , $n$),
$\vec{.z}=$
.





$\mathrm{P}\mathrm{f}(\frac{\det V^{p+1,q+\mathrm{i}}(x_{\dot{\iota}},x_{j},\vec{z}\cdot a_{\dot{*}},a_{j},\vec{c})\det V^{r+1,s+1}(x_{i},x_{j},\vec{w}b_{i},b_{j},\vec{d})}{x_{j}-x_{1}},.\cdot.)_{1\leq\dot{l}_{1}j\leq 2n}$
$= \frac{1}{\prod_{1\leq\dot{l}<j\leq 2n}(x_{j}-x_{i})}\det V^{p,q}(\vec{z}i\vec{c})^{n-1}\mathrm{d}\mathrm{e}\mathrm{t}..V^{Y,S}(\vec{.w}; \vec{d})^{n-1}$
$\mathrm{x}\det V^{n+p,n+q}(o\vec{e}, \vec{z};\vec{a}, \vec{c})\det V^{n+\tau,n+s}(\vec{x}, \partial;\vec{b}, \vec{d})$ . (5)
(b) $n$ , $p,$ $q$ . 7
$\vec{x}.=(x_{1}, \cdots, x_{2n})$ , $\vec{a}=(a_{1}, \cdots, a_{2n})$ , $\vec{b\cdot}$
.
$=..$ (b1, $\cdot$ . . , $b_{2n}.$),
$\vec{z}=(z_{1}, \cdots, *)$ , $\vec{C}=(c_{1}, \cdots, \mathrm{q})$ ,
$\vec{w}=$ ($w_{1},$ $\cdots,$ $w$q)1 $\vec{d}=\{d1,$ $\cdot$ . . , $d_{q}$ )
,
$\mathrm{P}.\mathrm{f}(.\frac{\det W^{p+2}(x_{1},x_{j},\vec{z}..\Phi,a_{j},\vec{c})\det\dot{W}^{q+2}(x_{i_{1}}x_{j},\vec{w},b_{i},b_{j},\vec{d})}{(x_{j}-x_{i})(1-x_{\dot{l}}x_{j})}..\cdot,)_{1\leq\dot{l},j\leq 2n}|$
$= \frac{1}{\prod_{1\leq\dot{l}<j\leq 2n}(x_{j}-x_{\dot{l}})(1-.x_{1}x_{j})}.\det W^{\mathrm{p}}(7;\vec{c.})^{n-1}\det W^{q}(\dot{\varpi}; \vec{d})^{n-1}$
$\mathrm{x}\det W^{2n+\mathrm{p}}(\vec{x},\vec{z}; \vec{a}, \vec{c})\mathrm{d}\mathrm{e}\mathrm{t}.W^{2n+q}(\vec{x}, \vec{w};\vec{b}, \vec{d})$ . (6)
($p$ 0 ) , [O1] ,
. Young
. (multiplicity-free . ) .
, .
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1.3. (a) (3) , $(p,.q)=(0,0),$ $(0,1)$ , $(1,0)$ .
(b) (4) , $p=0,1$ .
(c) (5) , $p=q=r=s=\cdot 0$ , , $p,$ $q,$ $r,$ $s$ 1
1 0 , .









, (3), (5) .
$x_{\dot{l}}arrow.x_{\dot{\iota}}^{2}$ , $y_{\dot{l}}arrow y_{i}^{2}.$ ’ $z_{i}arrow \mathscr{S}_{\dot{l}}$ , $arrow x_{\dot{l}}$ , $b_{\dot{l}}arrow y_{\dot{l}}$ , $arrow z_{i}$ (7)
. , $.(3)$ , (5) Cauchy
, $\vec{x}=$ ($x_{1},$ $\cdots,$ $x$n) ,
$\Delta(;)=\prod_{1\leq i<j\leq n}(x_{j}-xi),$
$\vec{x}^{k}=.(x_{1}^{k}, \cdots. ,x_{n}^{k})$ $(k\in \mathbb{Z})$
1
, $\dot{\lambda}=$ ($\lambda_{1}.’\cdots,$ $\lambda$n) Schur
$s_{\lambda}( \vec{x})=\frac{\det(x_{i}^{\lambda_{j}+n-j})_{1\leq i_{\dot{\beta}}\leq n}}{\det(x_{1}^{n-j})_{1\leq i_{\dot{\theta}}\leq n}}..\cdot$
. , $r$ , $\delta(r)$
$\delta(r)=(.r,r-1, \cdots, 2,1).\cdot$
$\text{ }$. . ($r=0$ $\delta(0)=\emptyset$ .) ,
$\grave{\lambda}$ ,
$.\det V^{p,q}(\vec{x}^{2};\vec{x})=\{$
(-yq{ -q-y/2\Delta (\rightarrow x)8\mbox{\boldmath $\delta$}\mbox{\boldmath $\omega$}-q-y(\rightarrow x)($p.>q$ )
( $-\mathfrak{y}^{p(p-1)/2}\Delta(\vec{x})s_{\delta(q-p)(\vec{X})}$ ($p\leq q$ )
. , (3), (5) (7)
, .
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2.1. . (3), (5) ,
.
$\mathrm{d}\mathrm{e}\mathrm{t}$
. $( \frac{s_{\delta(\mathrm{e})}(x_{i},y_{j},\vec{z})}{x_{i}+y_{j}})_{1\leq i,j\leq n}$
.
$= \frac{\Delta(\vec{x})\Delta(\vec{y})}{\prod_{\dot{\iota}\mathrm{j}=1}^{n}(x_{i}+y_{j})}s_{\delta(\mathrm{e})}(\vec{z})^{n}s_{\delta(\mathrm{e})}(o\vec{e}, \vec{y},\cdot 2)$, (8)
$\mathrm{P}\mathrm{f}(.\frac{x_{j}-x_{\iota}}{x_{j}+x_{i}}s_{\delta(e)}(X:,X_{j}, \vec{z})s_{\delta(f)}(X:,y_{j}, \vec{w}))_{1\leq:_{\dot{\theta}}\leq 2n}$.
$=. \prod_{1\leq i<j\leq 2n}.\frac{x_{J^{1}}\dotplus x_{1}}{x_{j}-x_{1}}..s_{\delta(\epsilon)}(\vec{z})^{n-1}s_{\delta(f)}(\varpi)^{n-1}s_{\delta(e)}(o\vec{e}, \vec{z})s_{\delta(f)}(\vec{x},\cdot\varpi)$ . (9)
.
(8) , $\cdot e=0$ ,
$\mathrm{d}\mathrm{e}\mathrm{t}.(\frac{1}{x_{\dot{l}}+y_{j}}.),\leq \mathrm{i},j5n=\frac{\Delta(\vec{x})\Delta(\vec{y})}{\prod_{i,j=1}^{n}(x_{\dot{l}}+y_{\mathrm{j}})}$
, Cauchy ((1) ) .
, (9) , $e=f=0$ ,
. $\mathrm{P}\mathrm{f}(\frac{x_{j}-x_{\iota}}{x_{j}+x_{i}}.)$ l\leq :o.\leq 2n=1\leq $\leq 2n,\frac{x_{j}+x_{i}}{x_{j}-x_{i}}$
, Schur Pfaffian (2) .
, (8) $e=1,$ (9) $e=f=1$. ,
$\mathrm{d}\mathrm{e}\mathrm{t}.(\frac{z+x_{i}+y_{j}}{z(x_{\dot{\iota}}+y_{j})})_{1\leq i,j\leq n}$
$= \frac{\prod_{1\leq i<j\leq n}(x_{j}-x_{\mathrm{i}})(y_{j}-y_{i})}{\prod_{i_{1}j=1}^{n}(x_{i}+y_{j})}.$ . $\frac{z+\sum_{\dot{\iota}=1}^{n}x_{i}+\sum_{i=1}^{n}y_{i}}{z}$ , (10)
.
$\cdot$ $\mathrm{P}\mathrm{f}(\frac{x_{j}-x_{\dot{\iota}}}{x_{j}\dotplus x_{i}}..\frac{z+x_{i}+x_{j}}{z}.\cdot \mathrm{j}^{X}w+x+j)_{1\leq i,j\leq 2n}w$
$= \prod_{1\leq i<j\leq 2n}\frac{x_{j}+x_{i}}{x_{j}-x_{i}}\cdot\frac{z+\sum_{i=1}^{2n}x_{i}}{z}$ . $\frac{w+\sum_{i=1}^{2n}x_{i}}{w}$ (11)
. $(s_{\delta\langle 1)}(\vec{z})=z, s_{\delta(1)}(\vec{w})=w$ .)
(10), (11) ? .
, 2 (i), (ii) $\mathbb{C}$ $[x]$
$(x\in \mathbb{C})$ ;






$[x]$ , $[x]arrow e^{ax^{2}+b}$ [\sigma ] ,
. ( $[\mathrm{W}\mathrm{W}$ , p. 461] .)
(a) ( ) $[x]=\sigma(x)$ ($\mathrm{W}^{\gamma}\mathrm{e}\mathrm{i}\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{r}.\mathrm{a}\mathrm{s}\mathrm{s}$ \sigma . ) -,
(b) ( ) $[x]=e^{x}-e^{-x}$ ,
(c) ( ) $[x]=x$ .
2.2. ,
$\det(\frac{[z+x_{i}+y_{j}]}{[z][x_{i}+y_{j}]})_{1\leq:\dot{o}\leq n}$
$=. \frac{\prod_{1\leq i<j\leq n}[x_{j}-x_{i}][y_{j}-y_{i}]}{\prod_{1\mathrm{j}=1}^{n}[x_{1}+y_{j}]},\cdot.\mathrm{j}^{X_{1}+\sum_{i=1}^{n}y]}[z+\sum_{i=1}^{n_{1z]}}\cdot,\cdot$ (12)
$\mathrm{P}\mathrm{f}(_{[w]}^{[w+x+x_{j}]}.\frac{.[x_{j}-x_{i}]}{[x_{j}+x_{\dot{l}}]}.\frac{.[z+x_{*}+x_{j}]}{[z]}.\mathrm{j}.)_{1\leq i\dot{\rho}\leq 2n}$
$= \prod_{1\leq i<j\leq 2n}\frac{\mathrm{f}x_{j}-\mathrm{L}x_{i}]}{[x_{j}+x_{\mathrm{i}}]}\frac{[z+\sum_{i=1}^{2n}x_{i}]}{[z]}\frac{[w+\sum_{i=\mathrm{i}}^{2n}x_{i}]}{[w]}$ . (13)
, (13) . ( [O3]
.)
3 2 Schur
( , (3), (5) ,
$a:arrow x_{i}^{k}$ , $b_{i}arrow y_{i}^{k}$ , $\mathrm{q}$. $arrow z_{\dot{l}}^{k}$ , $d_{i}arrow w_{1}^{k}$. (14)
.




$\det V^{p,q}(\vec{x};arrow x k)=\{$




(3), (5) , (14) , ,
$=(-1)^{n(n+1)/2}s_{\square (q,\mathrm{e}+n)(\vec{Z})^{n-1}s\square (q+n,e)(\vec{X},\vec{y},\vec{z}}$
. ) , (15)
1
$=\Delta(oe)\mathrm{P}\mathrm{f}$
( $(x_{j}-\cdot x:)$s$\mathrm{o}$(q$+$ l,e$+n- \mathrm{l})(X_{i},x_{j},7)s_{\square (s+1,f+n-1)(\dot{x}x_{j},\vec{w}}:$, ) $)1\leq i\mathrm{j}\leq 2n$
$=$ .8 (qtc+n) $($ $)^{n}$
-1
(s, n) $(\varpi_{)^{n-1}s_{\square (n+q,e)(o\vec{e},\vec{z})s_{\mathrm{O}(n+s,f)(\vec{X}}}},\varpi)$ . (16)
, (i5), (16) Schur -.c
$\dot{\text{ }}$ .
3.1 Jacobi-Trudi
, (15) $q=0$ ,
1
$\Delta(x)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} j)\det(h_{\mathrm{e}+n-1}.(x_{i},y_{j}, \vec{z}))_{1\leq:\dot{o}\leq n}=(-1)$
n(7“1)/2
$s_{\square }$ (n,e) $(12,\vec{y}, \vec{z})$
. , $h_{k}.(\vec{x})=s_{\mathrm{O}(1,k)}.(\vec{.x})$ $k$ . ,
$h_{\mathrm{e}+n-1}(x,y, \vec{z})=.\sum_{|_{1}j=0}^{\mathrm{e}+n-1}x^{i}y^{j}.h_{\mathrm{e}+n-1-i-j}.(\vec{z})$
.
, ( ) Cauchy-Binet .
3.1. $X,$ $Y$ $n\mathrm{x}N$ ;A. $N\mathrm{x}N$ ,
$\sum_{I,J}\det A_{I,J}\mathrm{d}_{9}.\mathrm{t}X_{I}\det Y_{J}=\det(XA^{i}1’.)$
.
, $[N]=\{1,2, \cdot. . , N\}$ $n$ $I,$ $J$ {$I,$ $J)$ .
, $X_{I},$ $Y_{J}$ $X,$ $Y$ $I,$ $J$ $n$
, AI,J. $A$ $I$ $J$
$n$ .
Cauchy-Binet
$A=(h_{e+n-1\cdot-:-j}.(\vec{z}))_{0\leq i\dot{o}\leq \mathrm{e}+n-1}$ ,














$\det$ ($h_{e+n}$.-1(xi, $y_{j}$ $\vec{z}$))
$1\leq\dot{\iota}_{1}j\leq n$ $= \sum_{\lambda,\mu}.\mathrm{d}\mathrm{e}\mathrm{t}.A_{I(\lambda),I(\mu)}s_{\lambda}(\vec{x}).s_{\mu}$
.
$(\mathrm{j}\sim)$ .
, $\lambda,$ $\mu$ $n$ . ,
3.2. (3) ,
$(-1)^{n(n+1)/2}s_{\square (n,e)}.( \vec{x}, \vec{y}, \vec{z})=\sum_{\lambda,\mu}\det$ AI(\lambda ),I(\mu )s\lambda ( ) $s_{\mu}(j)$ . (17)
, $\lambda,$ $\mu$ $n$
$\circ$
,
$A=$ ($.h\mathrm{e}+n$-1-i-j.($\vec{z}$)) 05ij $\leq$e$+n- 1$
.
(17) , $p=0$ . ( !.2 (3.)
.) ., 1 $\wedge$, $A=(\delta_{i+j,\epsilon+n}$-1 $)$ 05i\beta .\leq +n-l . ,
$\mathrm{d}\mathrm{e}\mathrm{t}.A_{I(\lambda),I(\mu)}.=\{$
$(-1)^{n(n-1)/2}$ $\langle$ $\lambda:+\mu_{n+1-i}=e(1\leq i\leq.n)$ .
$\circ$ . )
0 ( )
$\lambda\subset\square (n, e)$ ,
$\lambda^{\mathrm{t}}=\lambda^{\mathrm{t}}(n, e.)=.,(e-\lambda_{n}, e-\lambda_{n-1}, \cdots, e-\lambda_{1}.)$
. ( $\lambda^{\uparrow}$ $n,$ $e$ , $\lambda\dagger(n, e)$












. 3.3 , (17) ,
$s_{\square (\dot{n},e)(\vec{x},\vec{y},\vec{z})=\sum_{\lambda}s_{\lambda}\uparrow(\vec{X})s_{\lambda}(\vec{y},\vec{z})=\sum_{\lambda,\mu}s_{\lambda}\uparrow(\vec{X})s_{\mu}(y)s_{\lambda/\mu}(\vec{z})}.\cdot.\vec{.}..\cdot$




$s’/\mu(\vec{z})=$. $.(-1.)^{n(n-1)/2}.\cdot \mathrm{d}$et $A_{I(\lambda\dagger),I(\mu)}$ (18)
. $\theta^{\mathrm{S}}$
.
, $A,(\lambda \mathfrak{h},’(\mu)$ $(i,j)$
$h_{f+n-1-(\dot{r}-\lambda_{n+1-:+n-i)-(\mu_{\dot{f}}+n-\mathrm{j})(\vec{z})=h_{\lambda_{n+1-\mathrm{t}}-\mu_{j}-(n+1-i)+j(\ovalbox{\tt\small REJECT}}}}$
, (18) Jacobi$-\mathrm{R}\mathrm{u}\mathrm{d}\mathrm{i}$ $\vee-$
$s_{\lambda/\mu}(\vec{z})=\det(h_{\lambda_{i}-\mu_{\mathrm{j}^{-\dot{f}}}\dotplus j(\vec{Z}))_{1\leq:_{\mathfrak{l}}j\leq n}}$ .
3.2 $\mathrm{L}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{w}\mathrm{o}\mathrm{o}\mathrm{d}-\mathrm{R}\mathrm{i}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{s}$.on
, (16) , $q=s=\cdot 0$ ,
1
$=\Delta(x)\mathrm{P}\mathrm{f}((x_{j}-x:)h_{e+n-1}(x_{i},x_{j}, \vec{z})h_{f+n-1}.(x_{i}, x_{j},\partial))_{1\leq i_{\dot{d}}\leq 2n}$
=S (n,6)( ?, $\vec{z.}$) $s_{\square (n,f)}(\vec{x}, \vec{w})$ . (19)
,
$(y-x)h_{e+n-1}(x, y, \vec{z})h_{f+n-1}(x,\cdot y, \vec{w})$
$x^{\dot{l}}.y^{j}$
.
$b_{ij}$ , $\cdot$ bl.j.\nwarrow .B=(b )itj $\geq 0$
. , $b_{ij}=-b_{ji}$ . , $i<j$ , $b_{ij}$ :
$b_{ij}= \sum_{p,q}.h_{p}$
. $(\vec{z})$ h$q$ (\sim i ).
,
$p+q=(e+n-1)+(f+n-1).+$ 1-i-i,
$0\leq p\leq e+n.\cdot-1-i$ , $0\leq q\leq f+n-1-i$
. $\cdot$ . . $(p,q)$ .
, $/1|-$ $\sqrt{}’$.T- .
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, $[N]$ . $2n$ . , $A_{I}$ $A$ $I$
, -





Pf $((x_{j}-x_{\dot{l}})h_{e+n-1}(x:,x_{\mathrm{j}}, \vec{z})h_{f+n-1}(x_{i,j}x,\vec{w}))_{1\leq\dot{\iota}\mathrm{j}\leq 2n}$
$= \sum_{\lambda}$
Pf $B_{I(\lambda)}\cdot s_{\lambda}(\vec{x})$
( , $2n$ $\lambda$. ) . , 3.3
$s_{\square (n,\mathrm{e})(\vec{x},\vec{z})=\sum_{\mu\subset\square (n,e)}s_{\mu}(\vec{x})s_{\mu}\dagger(n,\epsilon)(\vec{Z})}$
,
$s_{\square (n,f)}( \vec{x}, \vec{w})=\sum_{\nu\subset\square (n,f)}s_{\nu}(\vec{x})s_{\nu}\dagger(n,f)(\vec{w})$
, (19)
$\dot{s}_{\mathrm{O}(n,e)}(\vec{x}, \vec{z})s_{\square (n,f)}.(\vec{x}, \vec{w})=\sum_{\lambda}.(.\mu\subset\square \sum_{\nu \mathrm{C}\mathrm{O}(n,f)}\mathrm{L}\mathrm{R}_{\mu,\nu}^{\lambda}s_{\mu\dagger(n,e)}\langle\vec{z})s_{\nu\dagger(n,f)}(\vec{w}))(n,e)s_{\lambda}(\vec{x})$

















($0 \leq i\leq\min$. . $(e+n-1,$ $f+n-1)$ j\geq f+n. )
0 ( )
.
. 3.6. $\dot{X}=$. $(\begin{array}{ll}O \mathrm{Y}.-\mathrm{q}\prime O\end{array})$ ($Y$ $m\mathrm{x}$ (2.$n$ -m) $\dot{\mathrm{F}}^{1}\mathrm{I}$) $\mathrm{f}\mathrm{f}^{\backslash }.\acute{4.}$T\leftrightarrow ,
$\mathrm{P}\mathrm{f}X=\{$
$(-1\cdot)^{n(n-1)/2}\mathrm{d}$et $X$ ($m=n$ )
0 ($m\neq n$ )
, $\lambda$
$\lambda_{n+1}$ \leq ni $\mathrm{i}$n(e,. $f$), $\lambda_{n}\geq f$ (20)
$\circ$
, Pf $B_{I(\lambda)}=$. $0$ $.\text{ }$ . , $\lambda$ (20)
,
$:\cdot.$
. $\alpha_{\dot{\mathrm{t}}}=\lambda_{i}-f$, $\beta_{i}=e-\lambda_{2n+1-:}$ $(1\leq\prime i\leq n)$ (21)
. ( .)
, $\alpha,\cdot\beta$ ,
Pf $B_{I(\lambda}$) $=(-1)^{n(n-1)/2}.\det(h_{\mathrm{A}-\alpha_{n+1-j}-1+(n+1-j)}.\cdot)_{1\leq:\mathrm{j}\leq n}=s_{\beta/\alpha}(\vec{z})$
. ,
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3.7. (5) $\dot{\text{ }}$ . $\lambda$ $2n$ $:\llcorner$ , $\mu\subset$
$\square (n, e)$ ,
(i) $\lambda$ (20) ,
$\mathrm{L}\mathrm{R}_{\mu_{1}\square (n,f)}^{\lambda}.=0$.
(ii) $\lambda$ (20) , $.\alpha,$ $\beta$ (21) ,







.. Young $\beta^{\uparrow}(n, e+f)/\alpha^{\uparrow}(n, f)$ , .
3.8. Littl.ewood-Richardson (22) , Littlewood-Richardson
. :.
.$\text{ }$ $3.7^{\cdot}\circ$ , $\mu=\square (n, e)$ , $\mu/\square (n, e)$ hor ontal strip
vertical $\dot{\mathrm{s}}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{p}$ , . ( , Littlewood-
$\mathrm{R}\mathrm{i}.\mathrm{c}\mathrm{h}\dot{\mathrm{a}}\mathrm{r}\mathrm{d}$.son . [St] .)
3.9. $2n$ $\lambda$ (20) , $\alpha,$ $\beta$ .(21)
,
$\mathrm{L}\mathrm{R}_{(e^{\hslash})^{\backslash }(j)}^{\lambda},\mathfrak{n}=\{$
. 1 $(\alpha=\beta\emptyset k5)$
0 ( ).
$\mathrm{L}\mathrm{R}_{(e^{n-1},e-k),(f^{\dot{n}})}^{\lambda}.=\{$
1 ($\beta/\alpha$ $k$ horizontml strip )
( )
$\mathrm{L}\mathrm{R}_{(e^{n-k},(e-1)^{k}),(f^{n})}^{\lambda}=\{$




, Cauchy (2) ,
.
$.n$ $A=(a_{ij})_{1\leq:,j\leq n}$ , (i), (ii), (iii) ,
$F|$ (alternating sign ma.trix) $\text{ }$. . .
(i) $a_{\dot{\iota}j}\in.\{1,0,\cdot-.1\}$ .
$( \mathrm{i}\mathrm{i})\sum_{j=1}^{n}a_{1j}.=\sum_{\dot{l}=1}^{n}a_{ij}=1$ .
(iii) , 0 .’ 1 -1 . .
$n$ .
, $\overline{\sigma’.}$ .. ,
$(\begin{array}{ll}01 01-.1 101 0\end{array})$
3 , $A_{3}$ 6 3 7
.
, Robbins-Rumsey , , Lewis Carroll
(condensatioh of determinant)
. - MiUs-Robbins-Runisey $n$
, Zeilberger, Kuperberg
. ( , [B] .)
4.1. (Zeilberger[Z], Kuperberg[K1]) $n$
$\# A_{n}=\prod_{k=0}^{n-1}.\frac{(3k+1)!}{1(n+k)!}$
.
8 $.D_{8}$ ( ) .
, D8 $H$ , $H$
, Robbins [R] $H$
. Kuperberg[K2] , square ice model (
) , 2 ,
( ) $\mathrm{f}\acute{\mathrm{f}\mathrm{l}}$ .
’
(a) square ice model , Yang-Baxter
, , Pfaffian -




, Cauchy , Pfaffian $\cdot$ ( 1.3) , (a)
, $\wedge.\wedge.\backslash \cdot$ $q$ .
$\dot{\mathrm{v}}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}\mathrm{a}$nd. $\mathrm{h}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{o}\mathrm{n}|\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ symmetric
. ([02] .) , .




. , , ,
, $\dot{\mathrm{v}}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\cdot 1\mathrm{l}\mathrm{y}$ and horizontally symmetric (
$\circ$
VHS) .
$n$ VHS $\mathrm{A}^{\mathrm{V}\mathrm{H}\mathrm{S}}$ , 1 ,
$F1$ -1 , $n$ VHS
6 , $n$ . ,
$A_{5}^{\mathrm{V}\mathrm{H}\mathrm{S}}=\{$$A_{3}^{\mathrm{V}\mathrm{H}\mathrm{S}}=\{$ $\}$ : $(\begin{array}{llll}.00 1 0 001 .-1 \mathrm{l} 01-1 1 -1 10.1 -1 1 000 1 0 0\end{array})$
.
$\}.\cdot$:




$A_{7}^{\mathrm{V}\mathrm{H}\mathrm{S}}=\{$ ($00001$ $\frac{001}{0,01}1$ $0000001$ $-\cdot 1-1-111!1$ $0000001$ $\frac{001}{0,01}$.1 $0000001$) :
Kuperberg [K2] , VHS square ice model
. , . ,
-. $\lambda$ ,
$\sigma(t)=t-\frac{1}{t}$
$n$ , $M_{\mathrm{U}}(n;\vec{x}, arrow y; a)$ $M_{\mathrm{U}\mathrm{U}}(n;\vec{x}, arrow y; a, b, c)$ , $(i,j)$ .
$M_{\mathrm{U}}(n;2, \vec{y};a)_{ij}=\frac{1}{\sigma(ax_{\dot{l}}/y_{j})\sigma(ay_{j}/x_{\dot{l}})}-\frac{1}{\sigma(ax_{\dot{l}}y_{j})\sigma(a/x_{1}y_{j})}.$
’
$\sigma$ (b/yj) $\sigma$($cx$i) $\sigma$ (b/yj) $\sigma$(c/xi)







$\mathrm{x}’\cdot..\frac{\prod_{\dot{|}j=1}^{n}\sigma(ax_{1}/y_{j})^{2}\sigma(ay_{j}/x_{\dot{l}})^{2}\sigma(ax_{1}y_{j})^{2}\sigma(a/x_{\dot{l}}y_{j})^{2}}{\prod_{1\leq i<j\leq n}\sigma(x_{j}/x_{1})^{2}\sigma(y_{i}/y_{j})^{2}\prod_{1\leq\dot{\iota}\leq j\leq n}\sigma(1/x_{\dot{l}}x_{j})^{2}\sigma(y_{\dot{l}}y_{j})^{2}}$
.
$\mathrm{x}\det M_{\mathrm{U}}(n;\vec{x},\vec{y}; a)\det M\mathrm{u}\mathrm{u}(n;\vec{x}, \vec{y};a;b, c)$
. ,
4.2. (Kuperberg [K2]) $\zeta_{6}=\exp(2\pi\sqrt{-1}/6)$ , $\cdot$ VHS
,
$\# A_{4n+1}^{\mathrm{V}\mathrm{H}\mathrm{S}}=A_{\mathrm{U}\mathrm{U}}(n;\vec{1}, \vec{1}. ; \zeta 6, \zeta 6,\zeta 6)$ ,




, $\vec{1}=$ $(1,1, \cdots, 1)$ ..
, VHS , $\det M_{\mathrm{U}}(n;\vec{x}, arrow y; \zeta_{6})$
$\det M_{\mathrm{U}\mathrm{U}}$ ($n$ ; , $\vec{y};\zeta$6, $\zeta_{6}^{\pm 1},$ $\zeta_{6}^{\pm 1}$ ) . ,
$\det M_{\mathrm{U}}(n;\mathrm{i}, \vec{y};\zeta_{6})=\prod_{i=1}^{n}x_{\dot{l}}^{2}y_{\dot{l}}^{2}\cdot\det(\frac{\det W^{2}(x_{\dot{l}}^{6},y_{j}^{6}\cdot-x_{i}^{2},-y_{j}^{2})}{(1-x_{\dot{l}}^{6}y_{j}^{6})(y_{j}^{6}-x_{i}^{6})},)_{1\leq ii\leq n}$ :
$. \det M_{UU}(\vec{x}, \vec{y}t\zeta 6, \zeta 6, \zeta 6)=\sigma(\dot{\zeta}6)^{n}\prod_{\dot{l}=1}^{n}(1-x_{\dot{l}}^{2})(1-y_{\dot{l}}^{2})$
$\mathrm{x}\det(\frac{\det W^{2}(x_{l}^{6},y_{j}^{6},x_{i}^{4},y_{j}^{4})}{(1-x_{\dot{l}}^{6}y_{j}^{6})(y_{j}^{6}-x_{1}^{6})}..\cdot)_{1\leq:\dot{o}\leq n}$
, (4) ( $p=0$ , L3) . ,
$\det M_{UU}(o\vec{e}, \vec{y};\zeta_{6}, \zeta_{6}^{-1}, \zeta_{6}^{-1})=\sigma(\zeta_{6})^{n}\prod_{\dot{|}=1}^{n}(1-x_{\dot{l}}^{4})(1-y_{\dot{l}}^{4})$
$\mathrm{x}\det(\frac{x_{\dot{\iota}}^{4}y_{j}^{2}+x_{i}^{2}y_{j}^{4}+2x_{i}^{2}y_{j}^{2}+x_{i}^{2}+y_{j}^{2}}{(x_{i}^{4}+x_{i}^{2}y_{i}^{2}+y_{j}^{4})(x_{\dot{l}}^{4}y_{j}^{4}+x_{1}^{2}y_{j}^{2}+1)}.)_{1\leq 1\dot{\mathit{0}}\leq n}$
.
, Cauchy . , .(23)
( )











$\mathrm{x}\det\backslash (.\frac{\det W^{3}(x_{i}^{6},y_{j}^{6},-x^{4},-y_{j}^{4})}{(1-x^{6}y_{j}^{6})(y_{j}^{6}-x^{\underline{6}})}\dot{.}.\cdot..\cdot)_{1\leq:,j\leq n}$
.
: , (4) ( $p=1$ , 1.3)
. . ,
( ) . $7=$ ($x$” $\cdots,x$n) $n$
$\lambda=(\lambda_{1},$ $\cdots,$
$\lambda$\tilde ,
$s_{(\lambda),\mathrm{S}\mathrm{p}_{2n}}( \vec{x})=\frac{\mathrm{d}\mathrm{e}1(x_{\dot{\mathrm{t}}}^{\lambda_{\mathrm{j}}+n-j+1}-x_{-}^{-\lambda_{j}-n+j-1})_{1\leq i_{1}j\leq n}}{\det(x_{\dot{*}}^{n-j+1}-x_{\dot{l}}^{-n+j-1})_{1\leq\cdot\dot{o}\leq n}}..$ ,
$s_{[\Delta+\lambda],\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}_{2n}}(o \vec{e}).=..\frac{\det(x_{\dot{l}}^{\lambda_{J}+n-j+1/2}+x_{\dot{l}}^{-\lambda_{\dot{f}}-n+\mathrm{j}-1/2})_{1\leq \mathrm{i}_{\dot{\theta}}\leq n}}{\frac{1}{.2}\det(x_{i}^{n-j}+x_{i}^{-n+j})_{1\leq-,\mathrm{j}\leq n}}$
. 2 , $srightarrow$ ) $(\vec{x})$ . $\mathrm{S}\mathrm{p}_{2n}$ $\lambda$ $V\langle\lambda\},\mathrm{S}\mathrm{p}_{2n}$
, $s(\dot{\Delta}+\lambda$] $(\vec{x})$ $\mathrm{S}\mathrm{p}\mathrm{i}\mathrm{n}_{2n}$
$(\lambda_{1}+1/2, \cdot.. , \lambda_{n-1}+1/2, \lambda_{n}+1/2)$ , $(\lambda_{1}+ 1/2, \cdot. . , \lambda_{n-}1+ 1/2, -\lambda_{n}- 1/2)$
2 $V[\text{ }+\lambda]$, $\mathrm{S}\mathrm{p}in_{\mathit{3}n}$ .
, .
4.3. $A_{\mathrm{U}\mathrm{U}}(n;\vec{x}, arrow y; \zeta_{6}, \zeta_{6\rangle}^{\pm 1}\zeta_{6}^{\pm 1})$ , , ,
214
.
$A_{\mathrm{U}\mathrm{U}}(?9: \vec{x}, 7;\zeta_{6}, \zeta_{6;}\zeta 6)$
$= \frac{1}{3^{n(2n-1)}}\dot{.}\prod_{1=}^{n}.\frac{\sigma(\zeta_{6}^{2}x_{i}^{2})}{\sigma(\zeta_{6}^{2})}.\frac{\sigma(\zeta_{6}^{2}/y_{i}^{2})}{\sigma(\zeta_{6}^{2})}\prod_{-1}^{n}\frac{1}{(x_{i}+1/x_{i})(y_{i}+1/y_{i})}$
$\mathrm{x}s_{\langle\delta(n-1)\cup\delta(n-1)\rangle,\mathrm{S}\mathrm{p}_{4\mathfrak{n}}}(x_{1}^{2}, \cdots,x_{n}^{2},y: , \cdots,y_{n}^{2})$
$\mathrm{x}s_{[\Delta+(\delta(n)\cup\delta(n-1)],\mathrm{S}\mathrm{p}\mathrm{f}\mathrm{n}_{4n}}$ ($x_{1}^{2},$ $\cdots,x_{n}^{2},$ $y$l, $\cdot$ .. , $y_{n}^{2}$),
$A_{\mathrm{U}\mathrm{U}}(n,\cdot.\vec{x}_{s}\vec{y};\zeta_{6}, \zeta_{6}^{-1}, \zeta_{6}^{-1})$
$= \frac{1}{3^{n(2n-1)}}\prod_{i=1}^{\mathfrak{n}}..\frac{\sigma(\zeta_{6}^{2}x_{i}^{2})}{\sigma(\zeta_{6}^{2})}.\frac{\sigma(\zeta_{6}^{2}/y_{i}^{2})}{\sigma\{\zeta_{6}^{2})}$
$.\mathrm{x}\cdot s_{\{\delta(n-1)\cup\delta(n-1)\rangle,\mathrm{S}\mathrm{p}_{4n}}.\cdot(x_{1}^{2}, \cdot\cdot . \cdot, x_{n}^{2}, /: , \cdot. . , y_{n}^{2})$
$\mathrm{x}s_{\{\delta(n)\cup\delta(n-1)),\mathrm{S}\mathrm{p}_{4n+2}}$.
$(x_{1}^{2}, \cdot. . , x_{n}^{2}., y_{1}^{2}, \cdot. . , y_{n}^{2},1)$.
,
$\delta(n-1)\cup\delta(n-1)=(n-1, n-1,n-2, n-\cdot 2, \cdots , 1, 1, 0, 0)$ ,
$\delta(n)\cup\delta(n-1)=$ (.n, $n-1,$ $n-1,$ $n-3,n-3,$ $\cdots$ , 2, 1, 1, 0).
, $x_{1}=\cdots=x_{n}=y_{1}=\cdots=y_{n}=1$ , 42
2 .
4.4. S ,
$\# A_{4n+1}^{\mathrm{V}\mathrm{H}\mathrm{S}}.=\frac{1}{2^{2n}3^{n(2n-1)}}\dim V_{(}$,(ri-1)$\cup\delta$(”1) $\rangle$ ,Sp$4n\dim V_{[\Delta+(\delta(n)\cup\delta(n-1))],\mathrm{S}\mathrm{p}\ln}$ ,
1 $A_{4n+3}^{\mathrm{V}\mathrm{H}\mathrm{S}}= \frac{1}{3^{n(2n-1)}}\dim V.\langle\delta(\hslash-1)\cup\delta(n.-1)),\mathrm{s}_{\mathrm{P}_{4n}}\dim V(\delta(n)\cup\delta(n-1)),\mathrm{S}\mathrm{p}_{4n+2}$
.
Weyl , VHS Robbins
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